- s "
p— et

| ‘ 2 0.
18. Ifu=‘/x2+y9+zg.sh0wthﬂt a2u+f’2”+§—;-‘-=f-.
) 2 ) 2 ou 2 1 (H) ;.)_;2. a‘:;f 0z u
« (du U ___) =
(@ (5‘;) *('37) *(az. g
2 2%
19. Ifu=eo'cos (¥~ at), show that ""2' ax'
9%u + _a:.l;. = 0.
.90, Ifn=e(xcony=Y sin Y show that '5.;7 0y 2
| Pu g2 . ,,..‘?_%‘- = - 4(x + ¥
how that ""f + axay ay :
g1. Ifu=l x3+y3-x’y-xy).l Dy ape )
ond 2y -y = 108 (- N =) = log (x - y)*x+) =
-— y x=-)

[Hint. u = o€ (x2(x =)
log (x + 3)]
2
x3+ Y (x, ) # 0 {g continuous at (0, 0) but i1, § |
Jl

22. Show that the function f(x Y) = l|x|3|yl Lz N=0

derivatives do not exist at (0, 0).
2@ =85") . (5,5)#©0)
28. For the function flx, ») = ¥ ; y s 0.0

]"y are discontinuo

ve that fuy, Iyx us at (0, 0).

find £, (0. 0) and £, (0, 0) and pro

Answers
o 2% 2y . | (i) 2x sin-‘z-— co8 L. 2 cud
1. (i)y'logy.xy“"; (ii) x2+y2.m ) x“.)’ .x,xcosx
Y 1, 1Y £ 0 x . a)Y £ 8
(iv) — + — tan —,——T—-—--——tan = 18. n=-3, 2.
Ty Y@ ey) S
23. f (0, 0)-—0fyx(00)——3 (”

(P.T.U., May 20

| 5. HOMOGENEOUS FUNGTIONS
| A function f(x, y) is said to be homogeneous of degree (or order) n in the variablesxand

y if it can be expressed in the form x" ¢ ( ) ory* ¢ ( ]
y

|
An alternative test for a function f(x, y) to be homogeneous of degree (

Az, ty) = t"f(x, y).
For example, if f(x,y) = x+)y
(% %) Loy then

x(1+l)
(@) fix, ) = X w1 ¢(g)
J;(1+J—l;) i

el

Scanned with CamScanner



313

DlFFEnENTIATION

FAHTML
_, fx )8

X
y (,. a 1)
_\y J (_‘C_)
X
y| - t1
&5
_, flnyisa homogeneous function of degree 4 in x and y.

2 homogeneous function of degree }inx and y.

(i) o ) =

tx + ty tx+y) 2 fi, )

i) o )= Tz oy JE x4+ 4y)

_, flx,y)isa homogeneous function of degree 1 inxandy.
Similarly, 8 function flz, y, z) is said to be homogeneous of degree (or order)

vnriables x5y 21
y 2 vz 2y
%y 2 =20 Y nG | == nel=,=|
flx, ¥ ¢(x x) or y¢(y y) or z¢(z z)

Alternative test is fltx, ty, tz) = t" flx, ¥, z).

n in the

|
| 3.6, EULER'S THEOREM ON HOMOGENEOUS FUNCTIONS
e (P.T.U. May 2002, May 2003, Dec. 2004, May 2005, May 2006)

——Ti
ou ou

us function of degree n inx and y, then x ==+ == =0t
- ox dy

If u is a homogeneo

Since u is a homogeneous function of degreen inx and y, it can be expressed as

U= x”f(";i)
e (o (2 2)

Proof.

0x
= xf)_l_‘_=nxn f[l)_xu-lyff(l) )
ox - x
Algo Qlf:x" f’(l).l=x"'1 f’(-‘y-)
dy x) X 2
= .;..)-l-‘-=:>;"'1 '(-‘y-) (2)
Y5 v\ 7
Adding (1) and (2), we get x L Wyt f (_y_) = nu.
_ 0x Ay \x
Note. Euler's theorem can be extended to a homogeneous function of any number of variables,
Thus, if , ; , - u u
u is a homogeneous function of degree n 1N X, Yy and z, then ¥ ==+ ¥ =— + 2 == = 1l
ox y 0z

L ————c
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'OF DEGREE n IN x 3
3-7. IF u 1S A HOMOGENEOUS FUNCTION OF ANp v, N
x2 o%u . )zu 217___2 = n(n - 1u (Karnataka, 1990 ; Mq,,, o By
— o oy 7xF)y vt “ 199?)
Proof. Since u is n homogeneous function of degree n inx andy ‘ |
‘ u ni :
By Euler's Theorem, we have ¥ M +y oy " |
")
o %u 2 u ) ;
. i — = ( “ !
DxfTerentiating (1) partially w.r.t. x, we have 1. . + X 2w y. oy .
2%u du . 0% ) ;
: o : rehave x—+1.0—+y.— W :
Differentiating (1) partially, w.r.t.y, we ha aya % %2 =n, . |
2 2 i
.. But 8 E) ‘ 3
\.:?f; ayax axay : ;
) u  ou, du_ M :
X b=y —y =R hipdl z
xy  y HE d 4
Multiplying (2) by x, (3) by y and adding | ;
2 0%u Pu | P % ( du  du ) ( au _au) :
X" +|lx—+y=—|=n ksl R
R S wht A i G WAL P ax 7Y |
2 2 ‘ b v
. | = '(;'—Lz” P 'aaEaiy +y Sa'y_g Bai [Using 1)
x k
0%u 9%u E)zuf“ AL R
= x2a +2xyaay+y % =nu —nu =n(n'- 1u.
(¢

ILLUSTRATIVE EXAMPLES

ample 1. Verify Euler’s theorém for the functions : ‘
j 3 L 21 i
Du=x"2+y12)(x" 4+ y") A u=sin"! =+tan 1
y x

(P.T.U. May 2002 ; Mysore 1994 ; J.N.T.U. 1990)
/ i) Ax, v, z) = 3x2vz + 5xy%z + 42¢  (P.T.U. Dec., 2005) 4
/501. (1) w = (xV2 4 yV2)(xn 4 yn) | W)

1/2 n /2 n’ ¥y
1/2(1+_.Z_l7-2_an(1+%)=xg+ll2[1+(l) }{1_’_(_{) J=x11+1/2f(;]
X X X X

[OR fitx, ty) = t"*12 flz, )]

= u is a homogeneous function of degree (n + l) inx and y
' 2

By Euler's theorem, ﬁze should h du . du 1 A
o i avexax+ ay—n+§u
Ot 1 ~U2 (xn n
From (1), AL Rl Lot ) + nxnl(xV2 4 4102

Scanned with CamScanner



e

qTIAL DIFFERENTIATION 315
e
o 1
e AV oy g et (12 1/2
R\ X XAy - na(xle g g
{).\' 0 ( Y1) A naxt(xlié g yli%)
au 1 12 (qn 1 (e 1/2 1/2
brngandl Rond Vol UL U ) Ly N 4 2
3y ) (" 4 ") 4 ny"~t (V% 4 y1%)
y Qﬂ’_ = = 2>t gy N(y 12 4 012
Yo 2y YNy 4y
A du 1
Xty —= ._(_.\71/'). = PI2) (0 4 i) 4 oy (4 1/2 1/2
P o 2 Y)Y 4 y") 4 n(x + y" )l 4 yl%)
= ~_} w+ nu = (n+ ) wwhich is the same as (2). Hence the verification.
i) U= sin~} & +tan " RA ...(1)
y X
= cosee ' L 4 tan! L = x0f {Q_’.)
X X \x

OR fitx, ty) = flx, 3) = t° flx, y)]
= u is a homogeneous function of degree 0 in x and y.
du ou

By Euler’s theorem, we should have  x—+y— =0xu =0 ~(2)
0x dy
Qﬁ—__.l_ _1_+__1___(_.;y_)— 1 - Y
From (1), E 1 = 'y 1+.-_Y_:2. ) 2 - 2 +y°

ou x xy

X :)— = . 5 2 - ,2
ox N y" . X )
u 1 ( x ]-r 1 1__ x PR
— T e— —"'2- 2 v . 7 2 2
v o[ % 2 P

) x”

u___x L W

y dy ,—-——-—-‘yz _ 2 <2 + yz

ou + y ou =0 which is the same as (2). Hence the verification.

X—ty— =

dx dy
(iii) flx, y, 2) = 3x2yz + Bxy’z + 42" et
flx, y, 2) is a homogeneous function of x, y, z of degree 4.

of o Lo e
By Euler’s theorem . >~ yay Hiag ot nf = 4f
Differentiable (1) partially w.r.t. x,y,2 successively, we get

9L 6xyz + by’z
ox

Q[- = 3x2z + 10xyz
dy
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Q\‘
U . 3aty + bry? + 162
xﬁ[_ + y-ai +2
dx

Uty + byt + B+ 1005 + 8y s Gyt
dy 0z

:

. 2
= 12x%2 + 20xy%z + 162% = d(Bx%yz + bxy?s 4 g0y _
0 ' e,
Ju M LAY
Example 2. (i) Ifu = f( ) show that x = y R (P-T.U, Dy 20%
2 hatx 2 4y % .
(u)Ifuaxf( ]ahowtaxa B
Sol. (i)

)

=x f(-), which is a homogeneous function of do
By Euler’s theorem x ou

free
—+y a—u- =nu=0u=0
ox ay
Hence x ou +y QE_ =0,
ox Dy U

(Du=xf ( ) it is a homogeneous function of degree 1

x
. By Euler's theorem

u  du !

X == 4y gy =1ou=u

du  du
Ex le8.Ifu =sin-! £ tan-1 £ _—
ample 3. If u = sin 5 + tan ot  find the value of x el Ao %
Sol. Let u=flx,y)

(Mysore 1994; J.N.T.U. 1990)
x
flx, y) = sin ; +tan-1 2

X
) tx
f(tx, ty) = 8in"! = 4 tan-1 L _ g1 X

9 tan-! i
fitx, ty) = t° fix, y)

fix, y) is a homogeneous function of x'and y of degree 0
. By Euler’s theorem x 4 )f )f

= flx, y)

or

lor the homogenity of u can be shown like this
x

= 8in-1 J +tan!

% = cosec-! y + tan-1 %
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= x° [cosec™! y/x + tan=! y/x)
is homogeneous function of degrec 0,]

which
" a .
Example 4. (a) If u = tan-! Xty . prove that x du +y o ., nir?u.
X~y | 0x dy
4 ) (A.M.LE. 1990 ; Kerala, 1990)
W\/OQ’ 1 logx-| \
(b If flx, y) = g e *‘7-:%—!, sholv thatx-L+y)f -2f.
- 5w x4y by
(P.T.U., May 2004 )

Sol. (a) Here u« is not a homogeneous function

3
1+ (ZJ y
4 X/ _ cannot be expressed as « *f (;)

3
3 Yy
, - 1+(m)
B xd"'yd |: x‘J 2 oY
ut tan u = = » =x* fl =
x-y x[l_.x:l x
x

iv 0 homogeneous function of degree 2 in x and y.
By Euler’s theorem, we have

x—a—(tanu)+y—)—(tanu) 2tanu or xsecngL-‘-+ysec"’u-E-)a%=2tanu

ox dy ox
E)u au 2sinu 9 ; ,
or X . cos? u = 2 sin u cos u = sin 2u.
r')x Dy cos u
(b) flx, y) = 'lf 1+£+———1°gx/,‘;y
x b4 1 hA
Ty
x
S PN ST PN )
x2 ylx 1 Yy
+5
x

flx, ¥) is a homogeneous function of degree — 2
By Euler’s theorem

of Jof
x?)x+'yQy =nf
Here n=-2
of o __o
Dx+yr7y f
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PTG m gin! =-, prove that x -~ + y _'/(\. " 5
Example 5. () If ftx, y) = V! " D |
2_y? o v
[J3_3? i ALt ow that x — +
G Ifflx, y) = .v" - x* sin-! "“' i —*'-;—‘i";—'j sh ox Y 5= dy =13, ¥) <
. = v X ! { )

\I'I !

9 l‘-_)l
Sol. (i) fix,y) = |fx? = y? 8T

2
=x |1- J sin‘l‘—y-
x /. ¢
-

<

which is a homogeneous function of degree 1.

0
By Euler’s theorem x g—f +y Syf; =n flx,y)

X
of of .
1 x — —=1.f@&y) .
ie., X 0% +Y 3y f
Hence xg—l;-+ya§' f(xy)
i 2
(z1) flx, y) = y/y% —x* sin™! Ly X my
y 224 y2

_ 2
Ay
=X 1 -1 cosec™? . X

* e (%) which is homogeneous function of degree 1

By Euler’s theorem x i)f- +y gf =1.f(x,y)

£ 9 a
or _ a +y$f_ﬂ;,c y) =

. 22
Aliter: ftx, ty) = ,fﬂyz — 22 g1 X tx t2x2? —t2y

ty th +1!2y2

-
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I~ DIFFERENTIATION SE
_¢ [yz —x2sin 1 Xy t2(x? - y%)
N
, 2 _ .2
=t ‘,yz —x2 sin'lﬁ.;.._x__:_y_ =tﬂx y)
y /xz +y2 ’
. fxyy) is homogeneous function of degree one.
| x+2y+3 du
Example 6. Ifu = sin g = Y22 _ |, show that x-a-g+y§ﬁ+z = +3tanu=0.
g eyt g® n Ty %
Sol. Here u isnot a homogeneous function.
Siﬂu:ﬂx,y,z)=_:€ﬂﬁz_
x®+98 428
t(x+2y+32
ﬂtx: ty: tZ) = 4 J ) = t—a ﬂx: Y, Z)
t4yx® +y8 + 28
— sin u is a homogeneous function of dégree — 3 inx,y, z2..
By Euler’s theorem, we have
% g (sinu)+ Y ) (sinu) + 2 G (sin u) 3 sin u
— — (si - =- .
ox &y oz :
xcosua—u +ycosu-a—L-L-+zcosu-a—l£+3sinu—O y
" ox & & >
du du ou
ft—+y—+2z— +3tanu=0.
or w Yy o ,,
" xy +yz +2x u du ou ,
A = T2 | prove thatx — + +z—=0.
Example 7. (i) If u = cos (xz Ty 1z ] p w Yo 3z :{4‘3‘
5 L 54,5 ou du du )
N +z
(iiyIfu = log *x +tY T2  provethatx — +y - +Z 57 = 3.
Z+yttzt x Oy 02
xy+yz+zx x2(1+l'£+i)
Sol. (i) U = COS —Z——;——z- = coS F ot .'}":N
x“+y“tz " y % s
% 1+(—) +(—) k2
x x =
oI LE A
0 x x x x _.op|lY 2 i
u = x° Cos 7 = f(; ;) :

which is a homogeneous function of x, y, z of degree 0 by Euler’s theorem

du du ou
’ e ot > _ou=
By Euler’s theorem % =~ +J 3 tz o u=0

Hence vy — +z—-
Yiog oy
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AThe
u mﬂ\ h.’!)

Aliter : Let
T)’ + )7 ol

f(\ )l :)HLUH 4 y'j .21

. 2 xy +yz+zx
ﬁﬁtﬂiﬁuﬂLE;st"mw-7~ :

27 S iy
fitx, ty, te) = CO8 5y g ‘2 2% sy th 28 '3,2)
of degree 0.
fix, y, 2) i homogeneous function ofx, ¥, 2 B
ow ou g
a 8 . b s o &
By Euler's theorem x P +y Y Dz

6 ]
y F4
H(: +(x ) is not h
: Z_ it is not homogeneoyg ¢, .
(@) u = log ——-[—-—3—*3‘ = log 2* . v A ¥ t“"Ctlr,,,
1+(—- 5 ;

np|d X
x,y,z v it cannot be expressed asx f piips

v [z 5
1*(“) +(“) y 2
Now e"=x%. ] > x z,letqn(u):c” ¢(u)=x3f(;-,;J;
goge '

x x

¢(1) is homogencous function of x, v, z of degree 3 by Euler’s theorem

% C. . 3 or «x 2 () +y t?— (") +2 — 0 (e) = 3er

* ;"E T2 % ox dy 7z
Du §7il_ N u 3.
ol - Dy % |
447 ') u 2 1001
Example 8. If u = log Xty , show that X + — =4d. (AMLE. 11
x+y ay |
Sol. Here u is not a homogeneous function
4, .4 4 .4 4, 4
u = log ty = u=log, Xty = e“=-£——+—x—
x+y “l x+y x+y
which is a homogeneous function of degree 3 in x, y.
By Euler’s theorem, we have x -(% ") +y % (e%) = 3 x ¢*
u u ) 0
or xe" ==+ ye' — =3e" or x s i 3
ax ax Ty T .
: 2 2 Pu =5,
Examplé'9. Ifu = sin™! X3y ,prouethatng_lf..,_z- _a_.Lf_+ 28— =" 0
RPN at T
/ _sin ! 2*Y .
Sol. u= Tz iy ° not a homogeneous function but
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P
x+y l
sin u = ‘/T oy is a homogencous function of degree 4 in x and.y-.
By Euler’s theorem, we have
,x—)-(smu)+ v-l( ) = .
W Y sin u 5 sin u
du du 1 u du _ 1 (1)
=== _— i x—+y—=7tanu
= X €0S U S 4y cos U 5y =3 sinu or *5=+Y 3y 2 an
pifferentiating (1) partially w.r.t. x,
821: 51 iu_ p 0%u 1 2, _r:)l_t
”,z ox " dxdy 2 Ox
d%u a w (1. du (2)
X —— ~——=|=-sec‘u-1|—
or ax‘)' (-)_xf)y ( ) 0x
Differentiating (1) partially w.r.t. y,
x CAL +y22—u-+1 a—u—lsec-2 uQE
Toyox T oy? Ty 2 dy
n o 2
: a2 a‘, 1 . ‘2 _ i).u (3) " _ﬂilf_= a u
or axj'}; =\ goea’ r}y Jox  dxdy
Multiplying (2) by x, (3) by y and adding,
2 2 - 2 9) d
o 01 d*u < 5 du (1 2 )( gu _E)
+2 —=|—-sec"u-1f|lx—+Y
T P uy T a2 R
1 1 ;
_|——-1|.=tanu [Using (1))
(2 cos® u ) 2 .
si 2 ;
_ 2cos’u—1 lsinu _sinu C(;s Y [+ 2costu—1=cos2ul
2 cos® u "2 cosu 4 cos” u

2
=2 2), show that £® 22 2-az'2az—0-
Example IO.Ifz—lf(x)'*'b(x) SROWEHS ‘x P dxcy dy*®
(A.M.LE. 1997)

Y y
Sol. Let u= xf( ) andv =g (—-)=x°g (—)
X X
80 that z=U+UV (1)
Since u is a homogeneous function of degree n = linx,y
2 5 %
X u+2x LI 5 =n(n—1u
a_r" R (-)1())' E)y
=0 - n=1 L(2)
Since v is a homogeneous function of degree n = Oinx,y
2 2
o v a V] L _
X "‘"X,z + 2xy g—_xay +y pWE =nn-1 :
=0 - n=0 X L3
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Adding (2) angq (3), we have ! A
L2 9% 92 o, 0 . N
) (1 +v) + 2xy " (u+v)+y2-r-_}3,7(u+v)‘=0 ‘

0xay

or Pk 9? 0
2 4 gz 202
x° 5+ 2%y - Y =10
T B v
S
Exa “
mple 11. Given z = x f, (x) fynf, ( ) provethat=2 32 Lo gr, :
. az ;k Yy | : ax axay +y2 fi
’ dy +y5_; = n?z, ')J'“.
o A i (Marah,,,
i, | . 4l
. e v
Z=u+vy
iisa homogeneous function of x,y of degree n
du Ju Vo i)
visah xa*-yE:nu : b . \
S 8 homogeneous function of x,y of degree — n R 1
x.all_i_ R LR G T g

% Yy 3- =-nv ‘ ]
Diff. both Y ' ' o i
oth (1) and (2) partially w.rt. x and y L A };

x -az— 49 + Ou du’

ax? ax "V Gegy SN

a2 iy ii n au au Mt

DE T T Ty T foit A
x i +_a_u +y _ai _ dv

ax2 d " gxgy T i
4 ‘v azu ) W

W
Multiply (3) and (5) by x and (4), (6) by ¥ and addj
ing,

x2( +au i‘i ov 2
B 3e2 )+x(ax+$)+xy(a 22y )+x 32, .,__ai‘l_
mdy | T (e T apon
5 %u a?v [aU+J/J
+y ay2 +—_)3—72 Yy o

C

= du
-n(x\+y‘]_ Jv b
xz‘i( a2 ay n(xé;-r-y_vj
ox? lt+v)+y2 92
X ayZ (u+w+2xy -)y(u+v) )

g

4

+ x — F) nll’n
u i =n-.
ax( +U)+y( (u+v)=n
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\..ﬁ_f;:{:e1"z,\1'&\>:
vl "’ //—
st \}":." "] :?:i_ + “‘ '_‘3-~ | ‘“‘: '):
Feg Y Y T ety PN T by s
‘ " L veh Q- Ay
| ant ¥ o u 2 0 2
omPe biea v show that —7 * &y i) n A — —7 = - i 20 8RN
A e N a'l "1\.“).\. ')\v
,,.';:,IA.V,_.-:- - (‘,l'r-lr. DI?C. 2002' M“y 2006)
o )
v*
u=tan-! =
<ol ;
»
tan i =
X

- ‘J
A) b \3 ¥
et f 3= tanu =" =x 5 =x' t—} which is a homogeneous function in x, y of

X x® b L
Soh ?f )
By Euler's theorem W v-%’: =1.f
ay
. 0 (tanu) + ¥ —a-(t*m u)=t
s x oot ¥ g =tanu
Sig o +ysectu 9u =t
o xsectu. e a) an u
0
- rgu +y au tan 2 cos®u =sinu cos u = % sin 2u (1)
3'
Differentiating it partially w.r.it. x and y
E) u Bu 9 u ou
= cos 2u . — ..(2)
Eh‘ Y axay ox
2
8 N B u+-ai'=cos2uf.-a—li «(3)
as&t a_) oy Ay
Multiply (2) by x and (3) by y and add,
9%u a u E) u du du du u
2
+9° +|x—+y—|=cos2u ;.—-+ —
ox® axE}) ( ox  ady ay
ngﬂ+2 9% 2 82“ (cos 2u — 1) %4. 9 . _2sintu l sin 2u
o Vo Y <oy 2.
(using 1)
2 2 2
Hence x? 9_)—125 + 2xy§ az; +y? 3;2‘ = —sin 2u sin? u.
dx X %4
vz | u2\M? 321 2 Y
E"ample 13. If u = cosec™? ———+—y-— , prove that x? (——+2 _; t -+~_y“I d l:
+ y Dx ( f()‘)’ ay
thnu

(Marathwada 1990; Gujarat 1990)
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12 :
2y ) ,
3

Sol. u= cosec™ [;m":r
i 12712
/2 £ 1+‘(_y)
1/2 X
f_uj_ij—,——) = = S— R | A
flx,y) = cosec U = | {73 ", 13 ol (y)u;m/z =l Q(Z}-
x +| N
X
fix, y) is a homogeneous function of degree ‘i‘z'
By Euler’s theorem
of , of _
% Yy 12
or x i(coséc u) +yi (cosec u) = L cosecu
dx dy p! 12 ;
—x cosec u cot u QE —y cosec u cot u _aﬁ=_!'— cosec i
ox dy 12
du du - 1 1
X—+y—=" , ——————=—-—+tanu
- x ox ¥ gy 12 s cosec u cot u 12
x—aﬁd- 9u__ 1 tanu . il
w Ty 12 --
Differentiate (1) partialiy w.r.t.x and y
2 2
xﬂ+.‘?)_“+ _au=..i:3ec2u£’-li A
ax? dy ~ dxdy 12 dx
2 2
yi0u dw  Au i L2l 08 A
dyox dy oy 12 dy
Multiply (2) by x and (3) by y and add
2 2 2
nglzt+ 2312‘ 2yau+(xa_u+ a_u]__isec b x_(-_)it_+yall)
g % dxdy dy 12 ox ay
; !
32u 82 a2 . t nz Il:l[‘/li
2= = 42 | 12 + 1+tan_Zi-g
or x +y +2x A a2 du du e — J
Dx2 )yz J’ a_y [1+ 12 sec u][u.5;+yg:| =-|: 12
_13 +tan? u g
144

2 2
Hence x? 2——+2xyau +y 2 9%u _13+tan’u
o dxdy 7 2 144
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